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Overview What is computer algebraic Analysis?
@ Operator algebras and their partial classification T _ _ -
@ More general: G-algebras and Grobner bases in G-algebras ° '(AJS 2 nc)>t|on, it arose in 1958 in the group of Mikio Sato
apan
@ Module theory; Dimension theory; Gel'fand-Kirillov dimension . ) . . . .
_ .y ) _ Y o @ Main objects: systems of linear partial DEs with variable
@ Linear modeling with variable coefficients coefficients, generalized functions
e Elimination of variables and Gel'fand-Kirillov dimension © Main idea: study systems and generalized functions in a
@ Ore localization; smallest Ore localizations coordinate-free way (i. e. by using modules, sheaves,
@ Solutions via homological algebra categories, localizations, homological algebra, .. .)
@ The complete annihilator program © Keywords include D-Modules, (sub-)holonomic D-Modules,
@ Some computational D-module theory, Weyl closure regular resp. irregular holonomic D-Modules
@ Purity; pure modules, pure functions, preservation of purity © |Interplay: singularity theory, special functions, ...
o Purity filtration of a module; connection to solutions Other ingredients: symbolic algorithmic methods for discrete resp.
' continuous problems like symbolic summation, symbolic integration
@ Jacobson normal form
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What is computer-algebraic Analysis?

etc.
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Some important names in computer-algebraic analysis

Algebra: ldeas, Concepts, Methods, Abstractions

Computer algebra works with algebraic concepts in a
(semi-)algorithmic way at three levels:

© Theory: Methods of Algebra in a constructive way

@ Algorithmics: Algorithms (or procedures) and their
Correctness, Termination and Complexity results (if possible)

© Realization: Implementation, Testing, Benchmarking,
Challenges; Distribution, Lifecycle, Support and
software-technical aspects
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o W. Grobner and B. Buchberger: Grobner bases and
constructive ideal/module theory

@ O. Ore: Ore Extension and Ore Localization
@ |. M. Gel'fand and A. Kirillov: GK-Dimension
e B. Malgrange: M. isomorphism, M. ideal, ...
°

J. Bernstein, M. Sato, M. Kashiwara, C. Sabbah,
Z. Mebkhout, B. Malgrange et al.. D-module theory

o N. Takayama, T. Oaku, B. Sturmfels, M. Saito, M. Granger,
U. Walther, F. Castro, H. Tsai, A. Leykin et al.: (not only)
computational D-module theory

°
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Operator algebras: partial Classification

Let K be an effective field, that is (+, —, -, :) can be performed
algorithmically.
Moreover, let F be a K-vector space (" function space”).

Let x be a local coordinate in F. It induces a K-linear map

Part I. Operator algebras and their partial classification. )
X:F— F,i.e. X(f)=x-f for f € F. Moreover, let
0y : F — F be a K-linear map.

Then, in general, 0, o X # X o 04, that is
0x(x - f) # x - 0x(f) for f € F.

The non-commutative relation between o, and X can be often
read off by analyzing the properties of o4 like, for instance, the
product rule.
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Classical examples: Weyl algebra Classical examples: shift algebra

Let g be a sequence in discrete argument k and s is the shift
operator s(g(k)) = g(k + 1). Note, that s is multiplicative.

Let f : C — C be a differentiable function and 9(f(x)) := %. Thus s(kg(k)) = (k + 1)g(k + 1) = (k + 1)s(g(k)) holds

Product rule tells us that d(x f(x)) = x 9(f(x)) + f(x), what is

translated into the following relation between operators The operator algebra, corr. to s is the 1st shift algebra
(0 o x—x o 0—1) (f(x))=0. S1 = K(k,s|sk=(k+1)s=ks+s).
Intermezzo
The corresponding operator algebra is the 1st Weyl algebra For a function in differentiable argument x and in discrete

argument k the natural operator algebra is
D = K(x,0|0x =x0+1).

A=D; ®k 51 = K(X,k,ax,sk | Oxx = x0x + 1, sk = ksy + sy,

xk = kx, xsx = sgx, Oxk = kOx, OxSx = SkOx)-
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Examples form the g-World Two frameworks for bivariate operator algebras

Let k C K be fields and g € K*.
In g-calculus and in quantum algebra three situations are common Algebra with linear (affine) relation
for a fixed k: (a) g € k, (b) g is a root of unity over k, and Let g € K* and «, 3,7 € K. Define
(c) g is transcendental over k and k(q) C K.
AW(q,a,8,7) == K{x,y | yx —q-xy = ax+ By +7)

Let 9q(f(x)) = % be a g-differential operator.

The corr. operator algebra is the 1st g-Weyl algebra Because of integration operator Z(f(x)) := [, f(t)dt for a € R,

obeying the relation Z x — x Z = —Z? we need yet more general
(a) _ _ framework.
D" = K(x,0q | Ogx = q - x0q + 1). J
Algebra with nonlinear relation
The 1st g-shift algebra corresponds to the g-shift operator Let Ne Nand cg,...,cy, € K. Then .,4(2)(q7 s ..., CN, Q) S
— . n .
sq(f(x)) = f(gx): K(x,y |yx—q-xy =>." ¢y +ax+ q) or
A .
K,y lyx=q-xy = [y cix' + ay + c).
Kqlx,sq] = K(x,sq|Sqx =q-x5q). J
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Theorem (L.—Koutschan—Motsak, 2011)

AN @ ,70) — Bl 37 | 375 — 12 257 — @ By A7), Theorem (L.—Makedonsky—Petravchuk, new)

where g € K* and o, 3,7 € K For N>2 and cy,...,cn,a € K, A®(q, o, ..., cn, )

is isomorphic to the 5 following model algebras: =K(x,y |yx—q-xy = vazl ciy' + ax + ) is isomorphic to . ..
Q@ Kix,yl, Q Kylx,s] or D\¥if g # 1,
Q the 1st Weyl algebra D1 = K(x,0 | O0x = x0 + 1), Q@ Si=K(x,s|sx=xs+s),ifg=1and a #0,
O the Ist shift algebra S; = K(x,s | sx = xs + s), Q Kix,y|yx = xy+ f(y)), where f € K[y] with deg(f) = N, if
Q the Ist g-commutative algebra Kq[x,s] = K(x,s | sx = q- xs), g=1and o =0.
© the Ist q-Weyl algebra D\¥) = K(x,0 | Ox = q - x0 + 1).
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Application

Operator algebras, partial classification Operator algebras
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Quadratic algebras

Given a system of equations S in terms of other operators,

one can look up a concrete isomorphism of K-algebras (e. g. from
the mentioned papers)

and rewrite S as S’ in terms of the operators above.

Further results on S’ after performing computations can be
transferred back to original operators.

Example: difference and divided difference operators A, = S, — 1,
Aﬁ,") = S,(,q) — 1 etc.
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Quadratic algebras

Lemma (L.—Makedonsky—Petravchuk, new)
K,y [yx=xy +£(y)) = K(z,w | wz = 2w + g(w))
if and only if

I\, v € K* and 3u € K, such that g(t) = vf(At + u) (in
particular deg(f) = deg(g)).

Lemma (L.—Makedonsky—Petravchuk, new)

For any algebra of the type B = K(a, b | ba = ab+ f(a)) for f #0
there exists an injective homomorphism into the 1st Weyl algebra.
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Open problems for the Part 1

Let N = degf(y) =2 and K be algebraicaly closed field of
char K > 2. Then there are precisely two classes of non-isomorphic
algebras of the type K(x,y | yx = xy + f(y)):

K{x,y | yx = xy + y?) type
e integration algebra K(x,Z | Z x = x T — I?),
o the algebra K(x™1,0 = £ | ox~1 = x719 — (x71)?),
e the algebra K(x,071 | 071x = x0~! — (071)?) etc.

K(x,y | yx = xy +y* +1) type
o tangent algebra K (tan,d | O - tan = tan -0 + tan® +1) (take
y = tan, x = —0)

@ the subalgebra of the 1st Weyl algebra, generated by Y = —x
and X = (x2 +1)0; then YX = XY + Y2 + 1 etc.

VL Elements of CAAN

Let A be a bivariate algebra as before.

e If S is a multiplicatively closed Ore set (see next parts), then
there exists localization S~!A, such that A € S~1A holds.

@ Problem: establish isomorphy classes for the localized algebras
S~1A, depending on the type of S.

@ Example: in the part on localization.
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Towards G-algebras

Let R = K[x1,...,Xs]. The standard monomials x;" x5 . .. x5”

a; € N, form a K-basis of R.

Mon(R) 3 x* = x{"'x52 ... x3" + (a1, 02, ...,ap) = a € N".

© a total ordering < on N" is called a well-ordering, if
VF C N” there exists a minimal element of F, in particular
VaeN' 0<a
@ an ordering < is called a monomial ordering on R, if
o Vo, eN"a < B = x* < xP
o Vo, 8,7 € N such that x* < x” we have x**7 < x#+7.
© Any f € R\ {0} can be written uniquely as f = cx® + f/,
with ¢ € K* and x® < x® for any non—zero term ¢’x® of f'.
Im(f) = x®, the leading monomial of f
lc(f) =c¢, the leading coefficient of f.
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G-algebras

Suppose we are given the following data
Q a field K and a commutative ring R = K[xi, ..., Xa],
Q@aset C={¢gi}CK*"1<i<j<n
Q@ aset D={dj}CR, 1<i<j<n

Assume, that there is a monomial well-ordering < on R such that
V1<i<j<n, Im(dj) < xix;.
To the data (R, C, D, <) we associate an algebra
A=K(xt,...,xn | {xjxi = cjj - xixj + djj} V1 < i < j < n).

A is called a G—algebra in n variables, if

CikCjk * d,'ij — Xkd,‘j = Cik 'deik —Cjj* d,'kXJ‘ = dij,' — CijCik -X,'djk =0.
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Classical examples: full shift algebra

Theorem (Properties of G-algebras)
Let A be a G-algebra in n variables. Then
@ A is left and right Noetherian,
@ A is an integral domain,
e the Gel'fand-Kirillov dimension over K is GKdim(A) = n,
e the global homological dimension gl.dim(A) < n,
o the generalized Krull dimension Kr.dim(A) < n.
°

A is Auslander-regular and a Cohen-Macaulay algebra.

VL Elements of CAAN

Adjoining the backwards shift s71 : f(x) — f(x — 1) to the shift
algebra, we incorporate several more relations, which define a
so-called full shift algebra:

K(x,s,s 1| sx=(x+1)s, s 'x=(x—1)s s ls=5s.s71 =1)

Note: full shift algebra is not a G-algebra, due to the relation
s-s~1 =1. But it can be realized as a factor algebra of a
G-algebra

A=K(x,s,s | sx=(x+1)s, s Ix=(x—1)s7! s 1s = ss71)
modulo the two-sided ideal (s~%s — 1).

We can also realize this algebra as an Ore localization of the shift
algebra, see next parts.
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Grobner Bases in G-algebras Grobner Bases in G-algebras
Let A be a G-algebra in xy,...,x,. From now on, we assume that

a given ordering is a well-ordering. @ There exists a generalized Buchberger's algorithm (as well as

Definition other generalized algorithms for Grébner bases), which works

We say that x* | x?, i. e. monomial x* divides monomial x?, if along the lines of the classical commutative algorithm.

aj < BiVi=1...n. @ There exist algorithms for computing a two-sided Grobner
basis, which has no analogon in the commutative case.

It means that x? is reducible by x%, that is there exists v € N",
such that 3 = o + 7. Then Im(x“x") = x®, hence
X*x7 = cmxﬁ—i— lower order terms.

@ G-algebras are fully implemented in the actual system
SINGULAR:PLURAL, as well as in older systems MAS,

FELIX.
Definition @ In SINGULAR:PLURAL there are many thorougly implemented
Let < be a monomial ordering on A, | C A be a left ideal and functions, including Grobner bases, Grébner basics (module
G C I be a finite subset. G is called a (left) Grobner basis of /, arithmetics) and numerous useful tools.
if V. f €1~ {0} there exists a g € G satisfying Im(g) | Im(f).
VL Elements of CAAN VL Elements of CAAN
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More general framework: G-algebras Properties and Grobner bases in G-algebras Modeling From modules to solutions of systems
Dimensions From functions to modules
Grobner Technology = Grobner trinity + Grobner basics
Grobner trinity:
@ left Grobner basis of a submodule of a free module
@ left syzygy module of a given set of generators
o left transformation matrix, expressing elements of Grobner
basis in terms of original generators
Grobner basics (Buchberger, Sturmfels, ...) Part 1. Dimension theory.

Ideal (resp. module) membership problem (NF, REDUCE)
Intersection with subrings (ELIMINATE)

Intersection and quotient of ideals (INTERSECT, QUOT)
Kernel of a module homomorphism (MODULO)

Kernel of a ring homomorphism (PREIMAGE)

Algebraic dependencies of commuting polynomials

Hilbert polynomial of graded ideals and modules ...
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Modeling From modules to solutions of systems
Dimensions From functions to modules

Consider Legendre's differential equation (order 2 in dy)

(x*> = 1)P" (%)% 4 2xP’ o(x) — n(1 + n)P,(x) =0

e x is differentiable with Oy as corr. operator

e if n € Z, nis discretely shiftable with s, as corr. op.

@ then there is a recursive formula of Bonnet (order 2 in shift s,)

(n+1)Ppy1(x) — (2n + 1)xPp(x) + nPp_1(x) = 0.
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From system of equations to modules

O = K(n,sp | spn = ns, + sp) @k K(x,0x | Oxx = x0x + 1).
From the system of equations

(x*> = 1)P" (%) 4+ 2xPn(x) — n(1 + n)Py(x) = 0,
(n4 1)Ppi1(x) — (2n 4+ 1)xPp(x) + nPp_1(x) =

one obtains the matrix P € 92%1; thus M = O/O*2P and

(x? —1)92 + 2x0x — n(1 + n) _[o
(n+2)s2 —(2n+3)xs, + n+1 } * Pnlx) = [ 0 }

With the help of Grobner bases over O: a minimal generating set
of the left ideal P contains a compatibility condition

(n+1)s,0x — (n+ 1)x0y — (n+1)? = (n+1)(520x — x0x + n+1).

VL Elements of CAAN
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Modeling From modules to solutions of systems
Dimensions From functions to modules

From system of equations to modules

Let AA(x1,.--,Xn),---, fm(x1,-..,Xx,) be unknown generalized
functions, for instance from C>°(R").

Then a homogeneous system of linear functional (operator)
equations with coefficients from K{xi,...,x,] can be presented via
the matrix equation in the corresponding operator algebra O:

fi 0
P-| i |=|:], Peotm
fm 0

One associates to the system a left 9-module M = Dlxm/Dle,
saying M is finitely presented by a matrix P.

VL Elements of CAAN

Different matrices P; can represent the same module M.

For instance, for any unimodular T € O one has
Pf =0 < (TP)f =0 and also OXmM/O*¢Tp = olxm /Hlxtp

For various purposes we might utilize different presentations of M.
The invariants of a module M, like dimensions, do not depend on
the presentation.

Algebraic manipulations from the left on P often need algorithms
for left Grobner bases for a submodule of a free module, generated
by rows or columns of P (thus not only GBs of ideals).
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From modules to solutions of systems From functions to modules

Let F be a left O-module (not necessarily finitely presented), and

f e F. Consider Of = {o e f hich i - I
Let F be a left O-module (not necessarily finitely presented), and € . Consider O foef]oc D} whichis an O-submodule

fF.

P a system of equations as before, then of 7
Consider a homomorphism of left -modules
Solg(P,F) :={f € F™' : Pef=0}. ¢f:9O — F, o> o0ef,in other words ¢¢(1) = f € F. Then
o Impr =9Of, Kergr={ocO:00f =0} =:Annpf
Noether-Malgrange Isomorphism @ as left O-modules, one has Of = O/ Anng f
There exists an isomorphism of K-vector spaces @ hence Of is finitely presented left D-module.
Homp (M, F) = Homg (DM /9P F) = Soly(P, F), An element m € F is called a torsion element, if Anng m # 0.
(¢0: M= F) — (¢(es]), ., d([em])) € Fmx1 Many classical functions in common functional spaces are torsion. |

Hence, algorithms for the computation of the left ideal Anng m
(which is finitely generated when © is Noetherian) are very

important.
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From functions to modules From functions to modules
Let F be a left O-module, and f,...,f, € F be torsion elements.

Consider M = Ofi + ...+ Of,. As we know, every Of; is finitely

. . . ) . presented O-submodule of F.
Many classical functions in common functional spaces are torsion.

But not all. Consider a homomorphism of left -modules
Example: f = tan(x) is not a torsion element in a module over m
Weyl algebra, since there exists no system of linear ODEs with ¢: 0" = @Dei = JFy Z 06 — Z ojef
variable coefficients, having tan(x) as solution. However, there is a =

: r_ 2
nonlinear ODE £ =1+ f*. in other words ¢(ej) = f; € F. Then Im ¢ = M =" Of;,
Recall: we are able to treat polynomials in the operator tan(x)- as o Ker¢ = {[o1,...,0,] €O7:> 0;jefi =0} =t Mannp M
coefficients in an algebra with differentiation w.r.t x. @ as left O-modules, one has M = >" Of, 2 O™/ Manng M

@ hence M =) . Of; is finitely presented left O-module.

Clearly @ Ker ¢re; C Mannp M.
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Dim::seilci;é VMPUM Dim:g;ﬁ?\i GK-dimension and elimination
Dimensions
Idea: Model polynomial-exponential signals by linear systems.
Question: What is more precise in such a modeling: operator ® Generalized Krull dimension (for an algebra or a module,
algebras with constant or with polynomial coefficients? Kr.dim M) is called Krull-Rentschler-Gabriel dimension;

. . .. not algorithmic
Answer: algebras with polynomial coefficients.

Theorem (Zerz—L.—Schindelar, 2011) @ projective dimension of a module, p.dim M; algorithmic
Let K =R, pi € K[xt,...,xa)" and V = Kp1 + - - + Kpm. Let O (relatively expensive), implemented
be the n-th Weyl algebra and © D Anng(V) := NAnng p; be the @ global homological dimension of an algebra, gl.dim A =
left ideal of operators, simultaneously annihinalting p1, ..., pm. sup{p.dim M : M € A— mod}, in general not algorithmic
Then
Solg( O/ Anng(V), C®(RY)) = V. @ homological grade of a module, j(M); algorithmic (a little less

expensive than p.dim M), implemented
Keywords: Variant Most Powerful Unfalsified Model, cf. two

recent papers by Zerz, L. and Schindelar. e Gel'fand-Kirillov Dimension; algorithmic (relatively cheap),

implemented; intuition: similar to usual Krull dimension
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Filtration on algebras and modules Gel'fand-Kirillov dimension and its properties
Let My C M be a finite K-vector space, spanned by the generators
Let A be a K-algebra, generated by xi,. .., xn. of M. That is dimx My < oo and AMy = M.
Degree filtration {Hy := V4gMy, d € N} is an induced ascending filtration on M.

Let V= Kx1 & ...D Kx, be a vector space.
Set V=K, Vi=K@®Vand Vi1 = Vi @ VKL If

The Gel’fand-Kirillov dimension of M is defined as follows

GKdim(M) = limsup (log,(dimk Hy))

00 d—o0
Vi Vs Vie Vs Vi, A= U Vi In the standard construction one puts deg x; := 1 and defines
o Vy:={f|degf =d} and V9 := {f | degf < d}.

then { V) | k € N} is the standard (ascending) filtration of A.

Conventions: GKdim(0) = —co.  GKdimg(Q) = 0.
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Systems, modules, solutions
Modeling
Dimensions

Gel’fand-Kirillov dimension
GK-dimension and elimination

Lemma

Let A be a K-algebra and a domain. If the standard filtration on A
is compatible with the PBW Basis {x* | « € N}, then
GKdimk(A) = m.

1
dim V, — (d;ml ) dim V¥ — (d;m).

(dm)-(d ) _ dm 4 and

m! m!

Thus (d+m)

m

d
GKdim(A) = limsupy_,, logy ( ;m) =m

Hence for any G-algebra A in n variables has GKdimy (A) = n. |
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Systems, modules, solutions
Modeling
Dimensions

Gel'fand-Kirillov dimension
GK-dimension and elimination

Systems, modules, solutions
Modeling
Dimensions

Gel'fand-Kirillov dimension: examples and properties

Gel'fand-Kirillov dimension
GK-dimension and elimination

Lemma (R is commutative)

(i) Let R be a commutative affine K-algebra. Then (by Noether
normalization) 3S = K[xi,...,x] C R and R is finitely
generated S-module. Then GKdimk R = Kr.dim$§ = t.

(i) If R is an integral domain, GKdimk R = tr. degy Quot(R).

For any K-algebra R: GKdim R[x1,...,xn] = GKdim R + m.
Curiosity: GKdim(R) € {0,1} U [2, +00).

Exactness

Let R be an affine algebra with finite standard fin.-dim. filtration,
such that Gr R is left Noetherian. Then GKdim is exact on short
exact sequences of fin. gen. left R-modules. That is,

0—-L—-M-—=N-—0 = GKdimM = sup{GKdim L, GKdim N'}

VL Elements of CAAN

Free associative algebra T = K(xi,...

o o d+1__ d+1__
dim Vg = n9,dim V¢ = ©°221 Note, that 171 > pd.

7Xn>7n22

Since log, n? = dlogyn = k)ng — 00,d — 00, it follows that
GKdim(T) = oc.
Properties

e GKdim M = sup{GKdim(N) : N € A— mod, N C M},
o GKdim A = sup{GKdim(S) : S C A, S fin. gen. subalgebra}

Hence, if |K| = oo, then GKdim(K][[x1, ..., xn]]) = oo for n > 1.

VL Elements of CAAN

Systems, modules, solutions
Modeling
Dimensions

Gel'fand-Kirillov dimension for modules

Gel'fand-Kirillov dimension
GK-dimension and elimination

There is an algorithm by Gomez-Torrecillas et. al., which computes
Gel'fand-Kirillov dimension for finitely presented modules over
G-algebras over ground field K. It is implemented e. g. in
SINGULAR:PLURAL.

GKbivk(F)
Let A be a G-algebra in variables xi, ..., x,.
o Input: Left generating set F = {f1,...,fm} C A"
o Output: k € N, k = GKdim(A"/M), where M = 4(F) C A".

G =LEFTGROBNERBASIS(F) = {g1,...,8t} ;
L={Im(gi) =x%es |1 <i<t}

N = K[Xl,...,Xn]<L>;

return Kr.dim(K|[xg, ..., xa]"/N);

VL Elements of CAAN
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Gel'fand-Kirillov dimension for modules: example

Gel’fand-Kirillov dimension
GK-dimension and elimination

Systems, modules, solutions
Modeling
Dimensions

Elimination and GK-dimension

Gel'fand-Kirillov dimension
GK-dimension and elimination

Recall Legendre's example:

O = K(n, s, | snn = ns, + sp) @ K(x,0x | Oxx = x0x + 1).

Then GKdimk O = 4.
The Grobner basis of the ideal P is

(x? —1)02 + 2x9x — n(1 4 n), (n+2)s2 — (2n + 3)xs, + n + 1,

(n 4 1)s,0x — (n + 1)xdx — (n + 1)

The leading monomials are x28§, ns,2,, ns,0y. Hence

GKdimk ©/P = Kr.dim K[n, sp, x, 0]/ (x?02, ns2, ns,0y) = 2.

VL Elements of CAAN
Systems, modules, solutiqns Gel'fand-Kirillov dimension
Modeling

q 3 GK-dimension and elimination
Dimensions

Elimination and GK-dimension

Lemma (MR, KL)

Let | C A be a left ideal and S C A be a subalgebra. Then
e /NS =0 implies GKdim A/l > GKdim S,
o GKdim A/l < GKdim S implies I N S # 0.

Recall: Bernstein's inequality

Let A be the n-th Weyl algebra over K with
char K = 0 = GKdim K, then GKdim(A) = 2n.

Let 0 # M be an A-module, then GKdimyx M > n.
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Let f € F, such that Anng f N K[x1,...,x,] = 0. Then
GKdimk O/ Anng f > n.

Proposition (Existence of elimination via dimension)

Let O =@ ;9O O; = K(x;,0; | ...). Moreover, let | C O and
GKdim O /I = m. Then for any subalgebra S C 9, such that
GKdimS > m+ 1 one has INS # 0.

Application: For | such that GKdim ©// = m we guarantee that
2n — (m+1) =2n — m — 1 variables can be eliminated from /,
for instance, if m = n, we can eliminate

@ all but one operators,
@ all but one coordinate variables.

More applications will follow ... in the parts, which follow.

VL Elements of CAAN

Part 1ll. Ore localization.
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Localization in commutative case

Ore Localization and its recognition
Ore localization on modules
The complete annihilator program

Localization: commutative case
Localization: non-commutative case, Ore
Smallest Ore localizations

Let A be a commutative Noetherian domain and

S a multiplicatively closed set in A, where 0 ¢ S.

The localization of A w.rt S is a ring As := S~ A together with
an injective homomorphism ¢ : A — Ag, such that

(i) forall s €S ¢(s) is a unit in Asg,

(i) forall f € As, Jac A,;s € Ss. t. f=¢(s) 1¢(a).
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Example
Let A= Kl[x1,...,Xn].

o for f € A\ K, consider S = {f' : i € N}. Then

Slax

K[Xl,...,x,,,%].

this type is called a monoidal localization.

@ Another instance: for fi, ..

., fm € A\ K, defining

S={f'-... fim. i €N} results in

1
K[Xl,...,x,,,rl,...

= ({(f++ )

=

) = Kl ]

ie NDIK[xe, ..., xa).

VL
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Localization: non-commutative case, Ore
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Example
Let A= KJ[x1,...,Xn].
o If S=A*:= A\ {0}, then ST1A = Quot(A) = K(x1, ..., xn).
this type is called a rational localization.

e For p € K", consider mp, := (x1 — p1,...,Xn — Pp), @ maximal
ideal in K[xi,...,x,]. Define S = K[x1,...,xp] \ mp. Then

STIA=K[x, ... %] = {% | g € K[xt,.. ., %), h¢ my}

this type is called a geometric localization, it is widely used
in algebraic geometry.

VL Elements of CAAN

Example
Let A= K[[x1,...,xn]]
o If S=A*:= A\ {0}, then

S71A = Quot(A) = K((x, - -

s Xn))-

@ Notably, K[[xi,...,xp]] is a local ring (i. e. there is exactly
one maximal ideal). Thus for f := x; - - - x, and

S={f":ieN}onehas$

1A=~ Quot(A) = K((xi, ..

-y Xn))-

v
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Ore localization

Example
Let A be a non-commutative Noetherian domain and
_A¥ . —1A ~ o
S a multiplicatively closed set in A, where 0 £ S. ° I&_et_ 5 - A '_fA 21 {0} Then 57°A = Quot(A) (quotient
If S is additionally an Ore set in A, then 3 S—1A. utision i o @ dealu)l
/ o If KC S C A* then A— As — Quot(A),
Ore condition e Forany S, S7'Ais an A-module (not finitely generated),
Forall s; €S, n € Athereexist s, € S, rn € A, such that @ in general A is not an S~tA-module.
ris) =sir, thatis 51_1f1 = r252_1_ s1 gives rise to a functor A-mod — S~ 1A-mod.
Ore condition holds = S is an Ore set in A.
VL Elements of CAAN VL Elements of CAAN
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We take A to be one of model algebras and f € A\ K. We will

analyze, whether S = {f’ i € N} is an Ore set in A.
Sisnot Orein A= K(x,s | sx = (x+1)s)

_ ) _ _ Take s and fX(x) € S and suppose, that 3f%(x) and 3t € A, such
Suppose we are given g = > " bj(x)& € Ay with by 7 0 and fk that sff(x) = fK(x)t. Thus f¥(x)t = f(x + 1)’s. But

for a fixed k € N. )
f(x)1f(x+1) for f ¢ K, thus such t € A does not exist.

Weyl algebra: S is an Ore set

Forje€Nand i+1>jonehas @ fitl = fi=+l. (Figh 4 vy),
where the terms of v;; € A; have degree at most j — 1 and contain

derivatives up to fU). Then Let us introduce the notion of Ore closure of a multiplicatively
closed set S: M(S) is the smallest (w.r.t inclusion) two-sided
d d multiplicative superset of S, which has an Ore property in A.
g . fd+k = Z b_,(X)af . fd+k = fk . Z bJ(X)(fjaf + \/j+k’j)fd_
Jj=0 Jj=0

VL Elements of CAAN VL Elements of CAAN
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Smallest localizations: shift algebra
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Smallest localizations: shift algebra, other set

Lemma (L.—Schindelar, 2011)
For the shift algebra, M(S) = {f"(x £ z) | n,z € Np}.

Given g = 37 ( bj(x)s/ € A with by # 0 and h(x) = f*(x + zo)
with k € N, zg € Z. Let us define gr(x) := H?:o h(x —i) € S.
Then

d d
— h(x)d s
g - gr(x) = h(x) bj(x)( h(x +j —i)s’).
Jj=0 i=0,i#j
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Smallest localizations: quantum plane

Consider S = {s' : i € N}. Then S is an Ore set in A.
This follows from

Zai(x)si sk =sk. Z ai(x — k)s'

The resulting algebra is already mentioned full shift algebra:

({s" i e N} IK(x, 5 | sx = (x +1)s) =

Kix,s,s 1 |sx=(x+1)s, s Ix=(x—1)s1,s7 s =1)

VL Elements of CAAN

Ore Localization and its recognition
Ore localization on modules
The complete annihilator program

S={f:ieN}isnot Orein A= K(q){x,y | yx = qxy).

Lemma (L.—Schindelar, 2011)
M(S) = {f"(q™?x) | n,z € No} is an Ore set in A.

For any g(x) € K|[x] one has y"g(x) = g(¢™x)y.

Suppose we are given g = Zﬁ:o bj(x)yf € Aand

h(x) = f¥(q'x) € S1. Let us define gr(x) := [[%, h(g~'x) € S.
Then

d d d d
ggr(x) =Y bi(x)y [ hax) =h(x)->_bi(x) [] hlax)y.
j=0 i=0 j=0 i=0,i#j
VL Elements of CAAN

With Ore localization we can recognize, that

K(X)[01; 01,01] - - - [Om; 0y Om] = (K[XI\{O}) 1K(X, 01, ..., 0m]| ...

and the functor S~ connects categories of modules.

Algorithmic aspects

Algorithmic computations over S™1A can be replaced completely
with computations over A.

Keywords: integer strategy, fraction-free strategy.

For instance, a Grobner basis theory over A induces a Grobner
basis theory over S~1A.

There are implementations for the rational localization
K(X){(01,...).
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Induced Grobner basis theory in the localization Properties of localized modules

Let A be a G-algebra K[xi,...,xp](01,...,0n|...). Let A be a K-algebra and S C A a mult. closed Ore set in A.

Suppose that S = K|[x1,...,xn] \ {0} is an Ore set in A. Moreover, let

rI:/Ioreove;, Ie;c_ —<.X b_e an admissi{l::)le monhomi.al ordering on A, o M= A"/AMP,  finitely presented left A-module,

t t t , that
aving the elimination property for x, that is o F aleft A-module.
1 <x x¥ <x 0, Va e N" V1 <i<n. o F aleft S~ A-module.
o STIM = (StA)y/(STtA)™P.

Lemma

T\ o~ —1 T
A Grébner basis of a submodule N C A" w.r.t <x Sola(M, F) = Solg-14(S~*M, F),

Assume, that F C F as left A-modules. Then

(]

is a non-reduced Grobner basis of a submodule @
STIN € (STLA) = K(x1, .o, 30) (01, O | .. ). Sola(M, F) C Sola(M, F),
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Properties of localized modules Properties of localized modules

Here is a typical situation of behaviour of modules under
localization. Let M; be A-modules, satisfying

Message: In order to compute generalized solutions, work over
unlocalized ring and thus employ target spaces, having torsion

under localization. Og_Mlg_g_M,gg_Mjg_g_ng_CMrg_A

—=

Technology: the information, obtained for the localized module After applying S™! to this sequence, we obtain
(and homomorphism of such etc.), can be and should be used for

studying the original module (and homomorphism of such etc.).
O=...=S" "M, CSM;=...=SM,; CS M C...

L CSTIM C ST M =...=S5IM, = A
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Elimination, dimension and localization

Ore Localization and its recognition
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GK-dimension and localization

Lower bound for nontrivially localizable modules
Suppose that /,S C O are such that

e Sisan Oreset in O (so S71O exists)

o (S71D)/ # SO (i. e. I is proper in the localized algebra).
Then I NS =0, what implies GKdim O/ > GKdim KS, where KS
is the monoid algebra.

Note, that for every J € S™1O there exists | € O such that
S7191 = 57190 J (idea: clear denominators).

In general, if ST1OL # S719O, one has

GKdim S719/(S71O)L > GKdim O/ L.

VL Elements of CAAN
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The complete annihilator program

Drawback of Gel’fand-Kirillov dimension of localized algebras:
it is mathematically hard to determine. It is known, that
GKdim S™1A > GKdim A.

Lemma (Very exceptional result)

Let A be the n-th Weyl algebra, S = K[x1,...,xn] \ {0}. Then
GKdim S71A = GKdim A = 2n.

In the analogous situation for A being n-th shift, g-Weyl algebra or
a quantum space, we have GKdim S™1A > 3n.

Lemma (Corollary from Makar-Limanov)

Let K = C, A be the n-th shift algebra and
S =Kl[x1,...,xa) \ {0}. Then
GKdim S™'A = 3n > 2n = GKdim A.
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The complete annihilator program

Let G C F be function spaces, i. e. K-vector spaces and left
9-modules over a fixed operator algebra O.

Let f € F, then Annd f:={pec O :pf=0¢c F}is the
annihilator of f, which is a left ideal in O.

Let / C O be an ideal and suppose, that dimk(G) < oc.

| is called the complete annihilator of G over O, if the following
properties hold:

"most powerful”: if Vg € G rg =0 for r € O, then r € |
"unfalsified”: Solp(O/I, F)=G.

VL Elements of CAAN

There exists no general algorithm, which can compute the
complete annihilator program of f over © (where O is an algebra
with polynomial coefficients).

Therefore one investigates some classes of f and develops special
methods for the classes.

One of successes is computational D-module theory, where
among other one can compute the complete annihilators of

f(x,8) = fA(xt,. oy xn)™ e fm(xt, ooy xm)®™, fi(X) € K[x1, ..., Xq]

n
over O = ®KK<X,',8,' | Oixi = x;i0i + 1) @k K][s1,...,5m]
i=1
in an algorithmic way. There are implementations.
VL Elements of CAAN
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Some computational D-module theory

Let char K =0,
Dn(K) = K<X1, ey Xny 01, ..., On ‘ (9_,'X,' = X,'aj + 6U> be the n-th
Weyl algebra and D,[s] = D, @k K|s].
Theorem (J. Bernstein, 1971/72)
Let f(x) € C[xi,...,xn]. Then there exist
@ an operator P(s) € D, ®c C[s],

@ a monic polynomial 0 # b¢(s) € C[s] of the smallest degree
(called the global Bernstein-Sato polynomial),

such that for arbitrary s the following functional equation holds
P(s) e £ = be(s) - £°.

Let Annpg)(f°) = {Q(s) € D[s] | Q(s)e =0} C DJs] be the
annihilator, then  P(s)f — b¢(s) € Annpg(f®) holds.
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More interesting D-module example

Consider f = (x? + %y2 +22 - 1)3 - x22% — %y2z3 € Klx,y, 2].

VL Elements of CAAN
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Some computational D-module theory

Some very easy examples:
Oxe ()" = (s+1)(x)7,
(1/9)07 ¢ ()™ = (s +1)(s+1/2)- (x*),
(2xOx + O —4s —4) o (x> + x)*T1 = (s+1)-(x*+x)°.

Some facts
e M. Kashiwara: all roots of bf(s) are negative rationals
e —1 is always a root; in general the roots lie in (—n,0)
@ br(s) = s+ 1if and only if V(f) is smooth
e B. Malgrange: if br ,(£) = 0 (local Bernstein-Sato polynomial

at p € V(f)), then €™ is an eigenvalue of the action on
monodromy

@ Complicated Bernstein-Sato polynomials appear for such f,
that V/(f) possess complicated singularities
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Numerology of Bernstein data

Then Annpg f* has 13 generators with leading terms

4617 - y>0y, 513 - x2ydy, . .., 102400 - x*z°0,,, 37428480 - y*z°0,;

Bernstein-Sato poly:bs(s) = (s + 1)% - (s + %) (s+%)(s+3)

A reduced operator P¢(S) has 1261 terms, here some leading part

of them
(537977~ 57607 2 )9%% + ({77500800"% ~ 210477 9% %%
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Bernstein-Sato and singularities

Ore Localization and its recognition An interesting D-module example
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Weyl closure

Sing(f) = V4 U Va, where

Vi = V((x>+9/4y? — 1,2) an ellipse at z = 0 plane;

Vo = V({x,y,z> — 1)) consists of 2 different points;

V3 = V((19x% + 1,171y? — 80, z)) consists of 4 different
points; moreover, V3 C Vi, Vo N V3 = 0.

L. and Martin-Morales, 2012: algorithm for constructing a
stratification of C3 into constructible sets such that by ,(s) is
constant on each stratum.
( 3
1 p € C\ V(£),
s+1 pe V(f)\(V1UVz),
brp(s) = 4 (s +1)%(s +4/3)(s +2/3) peVi\Vs,
(s+1)°(s+4/3)(s +5/3)(s+2/3) pe Vs
((s+1)(s+4/3)(s+5/3) p € Va.
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Weyl closure

Another success of computational D-module theory is the
possibility to compute the Weyl closure of certain ideals.

Let A be a K-algebra, S C A a m. c. Ore set in A. Moreover, let
0 # J C S7'A a left ideal. The restriction of J to A is the ideal
(S~tAJNA.

Let A be the n-th Weyl algebra, S = K(x1,...,x,) \ {0} and a left
ideal J satisfies dimy (y, ... x,) S71A/(S71A)J < co. Then the Weyl
closure of J is defined to be the restriction of J to A and there is
an algorithm to compute it in finitely many steps.

There are implementations of algorithms, computing Weyl closure
after H. Tsai (MACAULAY2, recently in SINGULAR:PLURAL).
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Bernstein-Sato polynomial for varieties

Example (1st Weyl algebra)
Let / = {(x3 +2)0x — 3x?) C D;. Grobner basis of J is then

{03 + x0y — 3, xD2 — 20y, x*0x + 0% — 3x}
w.r.t degree reverse lexicographical ordering and
g g g
{03 +2)0x — 3x3, 92+ x?0x — 3x}

w.r.t the ordering, eliminating x (compatible with localization).

Open problem

Can one develop algorithms for computing analogous closure for
other model algebras? Possible bottleneck: localizations of other
algebras are more involved, as we know from before.

VL Elements of CAAN

In the following, f* := flsl o fST

Theorem (Budur, Mustatd and Saito, 2006)

Let char K = 0. For every r-tuple f = (fi,...,f;) € K[x]" there
exists a non-zero univariate polynomial b(§) € K[{] and r
differential operators P1(S), ..., P/(S) € Dy(S) such that

Z Pk(S)fk ofS — b(sll dlooo ol srr) . fS.
k=1

Here D,, is the n-th Weyl algebra in x;,0; and
Dn<5> — Dn®K K<5117--~75nn |\V/ 1< i7j7k7/ <n

Sij Skl — SkiISij = 5jk5i/ - 5i/5kj>
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Bernstein-Sato polynomial for varieties

Purity of modules
Pure functions
Jacobson normal form

Dimension function
Purity w.r.t dimension function

Theorem (Andres-L.—Martin-Morales, ISSAC 2009)

Let f = (fi,...,f;) be an r-tuple in K[x]" and let D,(0;, S) be the
K-algebra generated by 0y and S over D, subject to relations on S
and {sjj - Oty — Oty - sjj = 0j0t;}. Consider the left ideal in

Dy (0:, S)

1<i,j<r >

r
Ofk
F._<s,-j+6t,-1§-,8xm+kz:1%8tk 1<m<n

Then AnnD<5>(f5) = Dn<3t, S>F N Dn<5>

Thus, this is another type of objects, for which complete
annihilator program is successful.
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Dimension function
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Part IV. Purity.
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Purity of modules
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Purity w.r.t dimension function

Dimension function
Purity w.r.t dimension function

Let A be a Noetherian algebra. A dimension function ¢ assigns a

value 6(M) to each finitely generated A-module M and satisfies

the following properties:

(i) 6(0) = —oc.

(i) f0— M — M — M"” — 0 is exact sequence, then
(M) > sup{o(M’), 5(M")} with equality if the sequence is
split.

(i) If P is a (two-sided) prime ideal with P C Anna(M) and M is
a torsion module over A/P, then §(M) < 6(A/P) — 1.

@ generalized Krull dimension is an exact dimension function

@ Gel'fand-Kirillov dimension is a dimension function, not
always exact
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Let A be a K-algebra and § a dimension function on A-mod.
A module M # 0 is §-pure (or 6-homogeneous), if

YO#£NC M, G&(N)=8M).

@ A simple module is pure. Thus, purity is a useful weakening of
the concept of simplicity of a module.

@ Unlike simplicity, the purity (w.r.t a dimension function) is
algorithmically decidable over many common algebras.

M. Barakat, A. Quadrat: Algorithms for the computation of the
purity filtration of a module with 6 = homological grade; there are
several implementations: in HOMALG, OREMODULES(MAPLE)
and SINGULAR:PLURAL.
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Purity with respect to a dimension function

Purity of modules
Pure functions
Jacobson normal form

Dimension function
Purity w.r.t dimension function

Ubiquity of pure modules

Lemma (L.)

Let A be a K-algebra and 6 a dimension function on A-mod.
Moreover, let 0 = My, M, C N be two 6-pure modules with
d(My1) = 6(My). Then

the set of §-pure submodules (of the same dimension) of a module
Is a lattice, i. e.

Q@ My N My is either 0 or it is §-pure with §(My N Mp) = 6(My),
Q@ M + My is §-pure with 6(My + Ma) = 6(My).
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Ubiquity of pure modules

Consider purity with respect to Gel'fand-Kirillov dimension.

Lemma (L.)
Let A be a G-algebra, S C A a m. c. Ore set in A. Let M be a set

of left A-modules M, satisfying S™*M # 0 and having dimension
GKdim KS, where KS is the monoid algebra. Then M consists of
pure modules.

Example (Pure modules)

e modules of Krull dimension 0 over K[x,...,Xs], i. €. modules
M, such that dimx M < o0

@ any set of modules of smallest possible dimension in A, for
instance holonomic modules over the n-th Weyl algebra over a
field with char K = 0; it is known that they have GK

dimension n over K.
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Pure functions and operations with them

Recall

Let A be an operator algebra over K[xi,...,x,] and
S =K][xq,...,xn] \ {0} C A beam.c. Oresetin A.
A left A-module M is called D-finite, if dim(y, . ) S7IM < .

Thus D-finite modules are pure.

Note: we can do much more with the concept of purity

We can consider pure modules of any reasonable dimension,
without restricting ourselves to the modules of smallest possible
dimension!
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Let O be an operator algebra and F an ©D-module. A torsion
element f € F (that is a "function” having nonzero annihilator) is
called pure, is the corresponding left D-module Of =2 O/ Anng f
is pure.

This definition generalizes both the notion of Zeilberger-holonomic
or D-finite function as well as some other.

Lemma (L.)

Let f € F be a pure function. Then for any o € O\ {0} h=of
is pure as well.

Proof: Og = Dof C Of is a natural submodule, hence it is pure.
Moreover, Anng of =

{reO:r(of)=(ro)f =0} ={s€Annpf:3reO,s=ro} =
Anng f 0 =Kerg(9D — O/Anng f, 1+ 0) is computable.
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Lemma (L.)

Let f,g € F be pure functions. Then for any p,q € O\ {0}
h = pf + qg is pure as well.

Proof: by the previous lemma M = Opf and M, = Oqg are pure
modules. By another lemma before M¢ 4+ M, is pure. Hence

Oh C Mg + Mg is pure as well.

Moreover, (Anng f : p) N (Anng g : q) C Anng h.

More operations, preserving the purity, are under investigation. |

Observation : many (but not all) special functions give rise to pure
modules.
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Let 0 » My — My — M,/M; — 0 be an exact sequence of
fin. pres. ©-modules. Moreover, let F be an arbitrary 9D-module.
Then we have that SO|D(M2/M1,.F) - SO|D(M2,./T").

If F is injective O-module, the natural map
Solg(Mp, F) — Solg(My, F) is surjective (not true for general F).

Purity filtration with 6 = GKdim

Let © be a Noetherian domain, being Auslander-regular and
Cohen-Macaulay algebra with GKdim O = n.

Given a fin. pres. D-module M of dimension n > d > 0, then the
purity filtration of M is the sequence

M=M, ¢dDOM, 44+1...D>My_1 ODM,=0.

where GKdim M,,_(4_jy = d — i. Moreover, My, _gx/Mpn_d1ky1 is
either 0 or pure of dimension d — k.
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Consider the mixed system, annihilating Legendre polynomials
O = K{(n,s, | spn = ns, + sp) @k K(x,0x | Oxx = x0x + 1).
M=9/P,
P = ((x* —1)92+2x0x — n(1+n), (n+2)s2 —(2n+3)xs, +n+1,
(n+1)(sp0x — x0x + n+1)).
GKdim©O =4, GKdimM =2 t(M)=M=9/P.

VL Elements of CAAN

The purity filtration of M = t(M) is 0 C M3 C My = M,
Ms; =29O/(n+1,sp,0x) with GKdim M3 = 1.

What are the most general solutions g(n, x) of this system?

Since 0x(g) =0, one has g(n,x) = g(n).

however, g(n) should not be identically zero:

in case n € {—1,0,1,...}, one can select g(—1) € K arbitrary
(step of the jump function).

Localization

The ideal (n+1,s,) is two-sided and maximal. Hence the
submodule M3 vanishes under any nontrivial Ore localization
w.r.t S C K(n,s,...), for instance when n € S or s, € S (then
s, L is present and therefore n € Z should hold). And S™1M is
then a pure module.
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The purity filtration of M = t(M) is 0 C M3 C My = M.
The pure part of GK dimension 2 is t(M)/M; =

O/((x2 —1)02 +2x0x — n(1+n), (n+2)S2 — (2n+3)xSp+n+1, :Tle hypergeometric series is defined for |z| <1 and —c ¢ Ny as
ollows:
[e.9]
(1—x3)0y + (n+1)S, — (n+ 1)x). 2F1(3, b, ¢;7) = Z (a)n(b)n 2"

. N o c n!
For further investigations of M over localizations w.r.t. n or S, one n=0 (c)n

g . : ;
should then take the simplified equations from the ideal P’ above. We derive two annihilating ideals from the anihilator of

Elimination leads to new identities 2F1(a, b, c; 2):
The elimination property guarantees, that 1 arbitrary variable of O @ J, which does not contain a,
can be eliminated from P and from P’; so one gets for instance o J. which does not contain c,
x—free : (n+1)(n+2)- ((53 —1)8 — (2n + 3)5,7) o Po(x) = 0, and analyze corresponding modules for purity.
n—free : (1= x%) - ((S2 — 2xSn + 1)0x — Sn)) @ Py(x) = 0.
VL Elements of CAAN VL Elements of CAAN

Purity of modules
Pure functions
Jacobson normal form

Purity of modules
Pure functions
Jacobson normal form

Operations with pure functions
Purity filtration

Operations with pure functions
Purity filtration

Case J,
The ideal in O = K|[b, ¢, z](Sb,Sc,Dz | ...) is generated by:
beSh — czDz — be The purity filtration of M = t(M)
bSbSc — bSc + cSc — ¢ ... and

bSb? — zSbDz — bSb + Sb® — Sb
b?Sb — bzDz — b + bSb — zDz — b
bzSbDz — z?Dz? — bzDz — bSbDz + zDz* — bSb 4 bDz + b + Dz The solutions can be read off:

Ms = 9 /{c,Sb,b+1,zDz — Dz — 1), GKdim Ms = 2.

Let M = M, =9/J,. Then GKdim O = 6, GKdim M = 4. Sco-0p_1-(In(z—1)+ ko), ko € K

The purity filtration of M = t(M)
0C Ms =My C M3 =M, =M, where

M/Ms = O /(bSb— zDz — b, zDz5c + c¢Sc — ¢), GKdim M/Ms = 4
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Case J.
The ideal in O = K|[b, ¢, z](Sb,Sc,Dz | ...) is generated by:
aSa— bSh—a+ b The purity filtration of M = t(M)
bSb® — SbzDz — bSb + Sb* — Sb .-+ and

b°Sb — bzDz — b* + bSh — zDz — b
abSb — azDz — ab+ bSb — zDz — b
bSbzDz — z°Dz? — bSbDz — bzDz + zDz?> — bSh + bDz + b + Dz The solutions:

Ms = 9O /(Sb,b+1,5a,a+1,zDz — Dz — 1), GKdim Mg = 2.

Let M = M. =9/J.. Then GKdim O = 6, GKdim M = 4. §s_1-0p_1-(In(z—1)+ ko), ko € K

The purity filtration of M = t(M)
0§I\/I6:/\/I5:M4§I\/I3:I\/I2:I\/I,where

M/Me = O /(bSb — zDz — b,aSa — zDz — a), GKdim M/Mg = 4.
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Unimodularity and localization

One of the most important questions in algebra is undecidable in
general:

Let A be a (Noetherian) K-algebra and M, N are two finitely
presented A-modules. Can we decide, whether M = N as
A-modules?

Part V. Jacobson normal form. Yet another application of localization as a functor:

Let S C Abeam.c. Oreset, then ST1A exists.
Given an A-module homomorphism ¢ : M — N (M, N are finitely

presented). Then there is an induced homomorphism of
S~ 'A-modules S~y : S7TIM — STIN.

Application to the isomorphism problem

If there exists such m. c. Ore set S C A, that 3—1¢ is not an
isomorphism, then ¢ is not an isomorphism.
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Jacobson, Teichmiller, Cohn
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Unimodularity and localization

Above we have seen several dimensions of modules, some of them
are computable. What can one achieve with the help of
localization?

o Let S = A\ {0}. Then the rank of f. g. A-module M is
defined to be dimg-14 S™1M.

o Let R = A[0; 0, 0] for an integral domain A and S = A\ {0}.
Then S™1M is a vector space over Quot(A) = S~!A and
dims-1g S™1M is an invariant of the module.
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Let R be a non-commutative Euclidean domain and M € R™*",
Then there exist

@ unimodular matrices U € R™*m \/ ¢ R*".

@ a matrix D € R™*" with elements di, ..., d, on the main
diagonal and 0 outside of the main diagonal ...

@ such that dj||dj+1 (total divisibility), meaning
o(di+1)0 € o(d) N{di)o

such that U- M-V = D.
In particular there is an isomorphism of R-modules
Ran/RIXmM o~ Ran/Rlme_
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L.—Schindelar (2011, 2012) presented two algorithms, computing
matrices U, V, D by using Grobner bases.

A fraction-free algorithm performs only operations over polynomial
(i.e. unlocalized) algebra. A minor modification allows to produce
matrices U, V, D with polynomial entries.

Theorem (L.—Schindelar)

Let A be a G-algebra in variables x1, . .., x,,0 and assume that
{x1,...,xn} generate a G-algebra B C A. Suppose, there exists an
admissible monomial ordering < on A, satisfying x, < O for all

1 < k < n. Then the following holds

e B* is multiplicatively closed Ore set in A.

o (B*)71A can be presented as an Ore extension of Quot(B) by
the variable 0.
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Example

Let A; be the polynomial and By = (K[x] \ {0})~!A; the rational
Weyl algebra. Consider the matrix

_[92-1 6+1
M_[32+1 6—X:|'

The algorithm returns

{x282+2x82+a2—2xa—26—x2—1 o}
D= 0 1|’

U— [ —x0—0+x2+x+1 X8+8+X:|

0 — X —-0—-1

Vv 1 0
T x0%24+0%2420—x+1 1 |°
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Let us analyze, under which localizations U, V' will be invertible.
Let f = x4+ 1. Then U from above will be unimodular over any

localization, where f is invertible. In particular, the smallest one,
1 0 ] as we know, is Cq := Sf_lAl, where S¢ = {f' : i € N}.

v =
—(x+1)0?+x—-20-1 1

Indeed, V is unimodular over Ay, since it admits an inverse:

Thus the isomorphism of Bi-modules, provided by the Jacobson
form, holds not only over B; = (K[x]\ {0})~*A;, but also over ;.

On the contrary, U is NOT unimodular over Az, since U-Z =W
and W is first invertible in the localization: General strategy: depending on the concrete questions, analyze U
resp. V for unimodularity over localizations, less greedy than the

rational one.
2 5x +5 ’

Note: the steps of such an analysis are algorithmic.

7| 2042 (x+1)0+x—2 w— |9 —4x%> —8x + 4
T 1 20-x) (x+1)0-x2-x-3 """

For the invertibility of W we need only to divide by x + 1 =: f.
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Recognize and lift localized problems

Merci beaucoup

Strategical remarks for conclusion. _
pour votre attention!

@ use the information from the localized situation - for instance,
implementations of numerous good algorithms - for the

| b s RWTHAACHEN

analysis of the unlocalized, "global” situation;
@ in algorithms: UNIVERSITY

perform fraction-free computations, if possible

or keep track of operations, requiring localized computations
@ use this tracking information and determine a smaller

localization, where desired properties still hold. Lift the << SINGULAR

obtained results to that smaller localization. l al
@ study obstructions to the lifting: this provides several cases, p ur

which again hints at the treatment of the problem at a global

level by using local ones.

@ obtain new powerful and useful results! http://www.singular.uni-kl.de/
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