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Algebraic case

Example
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Algebraic case

Example

Let y be algebraic over Q(x) with y3 — xy +1 = 0 and
—2x2 + (6x3 — 63)y + 3xy?

f = (43— 2772 . Compute /fdx.
X p—
(Y)Y ) FC )y )y
With ( T y) = (4><3—y27)2 =,
. Xy %y
3(4x3 — 27) 4x3 — 27
f
12x%A; — 6xAs — 18A3 = —2x2
14x2 A, + 6xA3 = 6x3 — 63 mod 4x3 — 27

9A; + 16x2A3 = 3x

integral basis = consistence.
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p € k[t] irreducible, s € Z*.
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where A € k[t]"*".

Observation
A (mod p) is singular iff 3 a € k s.t. p(a) =0 and m(a,a’) = 0.

Definition

An element a € k is a special point if m(a, a’) = 0.

An irreducible p € k[t] is special if it admits special points as its roots.
Otherwise, p is normal.
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Field of algebraic functions

m(X,Y)=0 k(X,Y)
points — places
multiplicities at points — orders at places
special points R special places

Theorem
Let p € k[t] be irreducible. Then

p special <= 3 place P lying above p s.t. vp(p’) > 0.

Such P is called a special place.
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Assume that f = Z’ZBW with ged(fy, ..., f,, D) = 1.

Splitting factorization: D = DyDs

n b n
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Canonical representation:f = iz biwi + iz fi

, deg, b; < deg; Dy

Dp Ds
N(f) S(f)
n n !/
_ 1 g ) > i1 biwi dimpaiwi) e
Dy = uv®t!, find a; € k[t] s.t. e ( v > =

)

{vsTH(v=Sw;)'}7_, forms a local integral basis at v

)

Theorem + order comparison

For d: (i) multiplicities < s, (ii) one can remove special factors.
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Hermite reduction in Weierstrass-like Extensions

(Wi, ..., wp)e=(wi,...,wp) M,

where e € k[t], M € k[t]"*" and gcd(e, My 1, .

Theorem
Let K = k(t,t') and f € K. Then 3 g € K,
> fo= iy Vi with r; € k[t] and
en
n
i1 hiwi .
» h= Z’:DIW with deg h; < deg D,,

M) =1.

£
D, squarefree, no special factors and coprime with e, s.t.

N(f)=g' +fo+h

Moreover, h is unique, and h=0if f € K'.
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Back to Weierstrass

Assume that (t')? = g(t) where q(t) € k[t] squarefree with deg, g > 3.
Then {1,t'} is an integral basis of k(t, t').

Hypothesis

Every special point of k(t,t') is a constant in k.

The hypothesis holds for C(x, p, ©').
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Special poles
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Complete reduction

Theorem

Let K = k(t,t') and f € K. Then 3 g € K,

hy + hot'
p h T Ml

rnt

R

{1+ Oot!
p = Attt

s.t.

/

D

(Hermite),
(special),

and 1 € k[t] with deg,n < deg, g — 1

f=g'+h+r+0+n.

(polynomial)
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Complete reduction

Theorem
Let K = k(t,t') and f € K. Then 3 g € K,
hy + hot!
> h= Ui e (Hermite),
D
t/
r= r;* (special),
{1 + Lot
> /= R and 7 € k[t] with deg,n < deg,q—1 (polynomial)
s.t.

f=g'+h+r+i+n.
Moreover, f € K’ iff h, r and ¢ are all zero and n € k'

. de
If f has an elementary integral, then deg, n < it 9 1
We say n a polynomial remainder of f.
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Examples

k =C(x), ¢'(x)? = 4p(x)? — 4 and t = p(x).
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Examples

k =C(x), ¢'(x)? = 4p(x)? — 4 and t = p(x).

1

3
(1) A polynomial remainder of tis t. 1 > 5 1= 5

Then t has no elementary integrals over k(t,t').
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Examples

k =C(x), ¢'(x)? = 4p(x)? — 4 and t = p(x).

—2x(3t? +2t -2 t+ 1)t
(I f= X3+ )+ (xt+1) , compute /fdx.
t2(t—1)
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—2x(3t2 +2t -2 t+ 1)t
(I f = x(3t7+ )+ xt+1) , compute /fdx.
t2(t—1)
4x + tt’ - t+ 1)t
Canonical representation: N (f) = — X S(f) = bx+ (xt +1)

2 t—1
xt"\'
Hermite reduction: NV (f) = — (t) + 2xt.

'\’ t'
Special reduction: S(f) = < x ) + tX 1 — 2xt + 2x + xt'.

Polynomial reduction: 2x + xt’ = (x2 + xt)' — t.
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Examples

k =C(x), ¢'(x)? = 4p(x)? — 4 and t = p(x).

—2x(3t2 +2t -2 t+ 1)t
(I f = x(3t7+ )+ xt+1) , compute /fdx.
t2(t—1)
4x + tt’ - t+ 1)t
Canonical representation: N (f) = — X:; , S(f) = 6x+t(xl+ ) .

/

t /
Hermite reduction: NV (f) = — (Xt> + 2xt.

'\’ t'
Special reduction: S(f) = <tX 1) + tX . 2xt + 2x + xt’.
Polynomial reduction: 2x + xt’ = (x2 + xt)' — t.

/

— t.

t/ t/ !
Then f:< X —Xt—i-xz—&-xt> +

t—1 t—1
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Thank You!

Q>
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