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Rational case

Example

Let f =
3x3 + 11x2 + 6x − 2

(x2 + 2)3
. Compute

∫
f dx .

With
(
· · ·

(x2+2)n

)′
= · · ·

(x2+2)n+1 ,

f −
(

A

(x2 + 2)2

)′
=

B

(x2 + 2)2

num(f ) + 2A ≡ 0 mod

⇒
∫

f dx =
−3x

(x2 + 2)2
+

x − 3

2(x2 + 2)
+

∫
1

2(x2 + 2)
dx
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Algebraic case

Example

Let y be algebraic over Q(x) with y3 − xy + 1 = 0 and

f =
−2x2 + (6x3 − 63)y + 3xy2

(4x3 − 27)2
. Compute

∫
f dx .

{1, y , y2} is an integral basis of Q(x , y) over Q(x).

f =
−2x2

(4x3 − 27)2
1 +

6x3 − 63

(4x3 − 27)2
y +

3x

(4x3 − 27)2
y2,

poles at 3
3√4

, 3
3√4

ω, 3
3√4

ω2.

4 / 15



Algebraic case

Example

Let y be algebraic over Q(x) with y3 − xy + 1 = 0 and

f =
−2x2 + (6x3 − 63)y + 3xy2

(4x3 − 27)2
. Compute

∫
f dx .

{1, y , y2} is an integral basis of Q(x , y) over Q(x).

f =
−2x2

(4x3 − 27)2
1 +

6x3 − 63

(4x3 − 27)2
y +

3x

(4x3 − 27)2
y2,

poles at 3
3√4

, 3
3√4

ω, 3
3√4

ω2.

4 / 15



Algebraic case

Example

Let y be algebraic over Q(x) with y3 − xy + 1 = 0 and

f =
−2x2 + (6x3 − 63)y + 3xy2

(4x3 − 27)2
. Compute

∫
f dx .

{1, y , y2} is an integral basis of Q(x , y) over Q(x).

f =
−2x2

(4x3 − 27)2
1 +

6x3 − 63

(4x3 − 27)2
y +

3x

(4x3 − 27)2
y2,

poles at 3
3√4

, 3
3√4

ω, 3
3√4

ω2.

4 / 15



Algebraic case

Example

Let y be algebraic over Q(x) with y3 − xy + 1 = 0 and

f =
−2x2 + (6x3 − 63)y + 3xy2

(4x3 − 27)2
. Compute

∫
f dx .

{1, y , y2} is an integral basis of Q(x , y) over Q(x).

f =
−2x2

(4x3 − 27)2
1 +

6x3 − 63

(4x3 − 27)2
y +

3x

(4x3 − 27)2
y2,

poles at 3
3√4

, 3
3√4

ω, 3
3√4

ω2.

4 / 15



Algebraic case

Example

Let y be algebraic over Q(x) with y3 − xy + 1 = 0 and

f =
−2x2 + (6x3 − 63)y + 3xy2

(4x3 − 27)2
. Compute

∫
f dx .

{1, y , y2} is an integral basis of Q(x , y) over Q(x).

f =
−2x2

(4x3 − 27)2
1 +

6x3 − 63

(4x3 − 27)2
y +

3x

(4x3 − 27)2
y2,

poles at 3
3√4

, 3
3√4

ω, 3
3√4

ω2.

4 / 15



Algebraic case

Example

Let y be algebraic over Q(x) with y3 − xy + 1 = 0 and

f =
−2x2 + (6x3 − 63)y + 3xy2
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∫
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(
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Weierstrass-like extensions

Definition

A Weierstrass ℘ function satisfies ℘′(x)2 = 4℘3(x)− g2℘(x)− g3 with
g2, g3 ∈ C and g3

2 − 27g2
3 ̸= 0.

Then k(t, t ′) is Weierstrass-like extension.

Problem

Given f ∈ C(x , ℘, ℘′), determine whether ∃ g ∈ C(x , ℘, ℘′) s.t. f = g ′,
and compute such g if there exists one.
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m(X ,Y ) ∈ C(x)[X ,Y ] is absolutely irreducible and monic w.r.t. Y .
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Obstruction

p ∈ k[t] irreducible, we hope that

(
· · ·
p

)′
=
· · ·
p2

. However,

Example

Assume that k = Q(x) and (t ′)2 = x2(4t3 − 2t). Then k(t, t ′) is algebraic
over k(t) with an integral basis {1, t ′}.

(
t ′
)′

=
(−4t3 + 6x2t2 + 2t − x2) + xt ′

6 / 15
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Special points

k(t, t ′) with m(t, t ′) = 0 and an integral basis {w1, . . . ,wn}.
p ∈ k[t] irreducible, s ∈ Z+.

∃ ai ∈ k[t], not all divided by p, s.t. :

(∑n
i=1 aiwi

ps

)′
=
· · ·
ps

⇒ A(a1, . . . , an)
τ ≡ (0, . . . , 0)τ mod p,

where A ∈ k[t]n×n.

Observation

A (mod p) is singular iff ∃ α ∈ k̄ s.t. p(α) = 0 and m(α, α′) = 0.

Definition

An element α ∈ k̄ is a special point if m(α, α′) = 0.

An irreducible p ∈ k[t] is special if it admits special points as its roots.
Otherwise, p is normal.
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Field of algebraic functions

m(X ,Y ) = 0 k(X ,Y )

points ←→ places

multiplicities at points ←→ orders at places

special points ←→ special places

Theorem

Let p ∈ k[t] be irreducible. Then

p special⇐⇒ ∃ place P lying above p s.t. νP(p
′) > 0.

Such P is called a special place.
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Hermite reduction in Weierstrass-like

Assume that f =

∑n
i=1 fiwi

D
with gcd(f1, . . . , fn,D) = 1.

Splitting factorization: D = DNDS

Canonical representation:f =

∑n
i=1 biwi

DN︸ ︷︷ ︸
N (f )

+

∑n
i=1 riwi

DS︸ ︷︷ ︸
S(f )

, degt bi < degt DN

DN = uv s+1, find ai ∈ k[t] s.t.

∑n
i=1 biwi

uv s+1
−
(∑n

i=1 aiwi

v s

)′
=
· · ·
ũv s

⇕
{v s+1(v−swi )

′}ni=1 forms a local integral basis at v
⇑

Theorem + order comparison

For ũ: (i) multiplicities ≤ s, (ii) one can remove special factors.
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Hermite reduction in Weierstrass-like Extensions

(w1, . . . ,wn)
′e = (w1, . . . ,wn) ·M,

where e ∈ k[t],M ∈ k[t]n×n and gcd(e,M1,1, . . . ,Mn,n) = 1.

Theorem

Let K = k(t, t ′) and f ∈ K . Then ∃ g ∈ K ,

▶ f0 =

∑n
i=1 riwi

eN
with ri ∈ k[t] and

▶ h =

∑n
i=1 hiwi

D∗
with deg hi < degD∗,

D∗ squarefree, no special factors and coprime with e, s.t.

N (f ) = g ′ + f0 + h.

Moreover, h is unique, and h = 0 if f ∈ K ′.
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Outline

Hermite Reduction

Weierstrass-like Extensions

Special Poles



Back to Weierstrass

Assume that (t ′)2 = q(t) where q(t) ∈ k[t] squarefree with degt q ≥ 3.

Then {1, t ′} is an integral basis of k(t, t ′).

Hypothesis

Every special point of k(t, t ′) is a constant in k̄ .

The hypothesis holds for C(x , ℘, ℘′).
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Special poles

v ∈ k[t] special, a, b ∈ k[t] with gcd(v , a, b) = 1, s ∈ Z+, f =
a+ bt ′

v s
.

f−
(
c + dt ′

v s−1

)′ 1 t ′

a

v s
b

v s

a∗

v s−1

b∗

v s−1
...

0
b0
v

{
⋆ c ≡ b

0 ≡ a
mod v
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Complete reduction

Theorem

Let K = k(t, t ′) and f ∈ K . Then ∃ g ∈ K ,

▶ h =
h1 + h2t

′

D∗
(Hermite),

▶ r =
r2t

′

R∗
(special),

▶ l =
ℓ1 + ℓ2t

′

qN
and η ∈ k[t] with degt η < degt q − 1 (polynomial)

s.t.
f = g ′ + h + r + ℓ+ η.

Moreover, f ∈ K ′ iff h, r and ℓ are all zero and η ∈ k ′.

If f has an elementary integral, then degt η ≤
degt q

2
− 1.

We say η a polynomial remainder of f .
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Examples
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End

Thank You!
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