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Object of study
Differential operators in k(t)(0) = {a,(£)0" + - - - + a1 (t)0 + ao(t)}.

Derivation:

d
of = o+ f' f=3

Commutation rule:

Factorisation questions:
@ Is L € k(t)(9) irreducible or can I find Ly, Ly such that L = L; Lo.

@ Can I find Ly and Ly “with no overlap” st L is the smallest left
multiple of L1 and L,.
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L € k(t)(0). We denote S(L) the vector space of its solutions.

If L = LyLs then S(LQ) C S(L)

If L = LCLM(Lq, L2) then the following are equivalents:
® GCRD(Ly, Ly) = L.
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If L = Ly Ly then S(Ly) C S(L).

If L = LCLM(Ly, Lo) then the following are equivalents:
® GCRD(Ly, Ly) = 1.
@ ord(L) = ord(Ly) + ord(Ls).
o S(L)=S8(L) & S(Ly).
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If L = Ly Ly then S(Ly) C S(L).

If L = LCLM(Ly, Lo) then the following are equivalents:
® GCRD(Ly, Ly) = 1.
@ ord(L) = ord(Ly) + ord(Ls).
@ D, ~D;, &Dy,
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In characteristic 0: Singer’s Eigenring method

D, & D, 2% D, &D,

L is decomposable iff Endy(s) oy (D;) contains non nilpotent zero divisors.

@ Choose/Compute 7 € Endyy (s (Dr)-
o Compute x(7).

@ Use the kernel decomposition lemma.
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State of the art

@ T. Cluzeau, factorisation of differential systems in characteristic p,
ISSAC 2003.

@ M. Giesbrecht, Y. Zhang, Factoring and decomposing Ore
polynomials over IF,(t), ISSAC 2003.
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@ M. Giesbrecht, Y. Zhang, Factoring and decomposing Ore
polynomials over IF,(t), ISSAC 2003.

@ J. Gomez-Torrecillas, F. J. Lobillo, G. Navarro, Computing the bound
of an Ore polynomial. Applications to factorisation, JSC 2019.

@ M. van der Put. Differential Equations in Characteristic p, 1995.
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Context

Contribution

There exists a Las Vegas type algorithm that given an operator L& T, [t|(0)

of order r with coefficients of degree d satisfying some separability
hypothesis, returns a complete LCLM-decomposition of L in polynomial time

in r and d, and at most quasiquadratic time in p.
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Context

Contribution

There exists a Las Vegas type algorithm that given an operator L& T, [t|(0)
of order r with coefficients of degree d satisfying some separability
hypothesis, returns a complete LCLM-decomposition of L in polynomial time
in r and d, and at most quasiquadratic time in p.

Experiments suggest quasilinear in p.
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Classification of differential modules

p-curvature

Definition
Let L € Fq(t)<8>.
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M = O0PM mod L

Theorem (van der Put)
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Classification of differential modules

p-curvature

Definition
Let L € Fq(t)<8>.

QZ)FI;I DL — DL
M = O0PM mod L

Theorem (van der Put)

Ifx(¥p) = N{* ... N{"* and L; := GCRD(L, N;'(0P))
o Xx(¥5) =N/
o L=LCLM. ,L;andord L = 25:1 ord(L;).

| .

.

Consequence: We can assume that L divides some N(t#, 0P)" for
N € Fg[X, Y] irreducible and v € N.
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Theorem (van der Put)

Let N**| ... |N“* be the Frobenius invariants of yy. If N(t, 0) is reducible
there exists Ly, - - - , Ly € Fg(t)(0) such that:

o X(¢y) = N
@ L; is indecomposable.
o L=LCLMX | L;andord L = " ord L;

A

Ch

Crvz
Not constructive: wé =G ) G L

Chwi
The blocks are not stable by derivation.
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n of differential modules

p-curvature

Consequence: We can assume that L divides some N(#, 0P)" for
N € Fy[X, Y] irreducible and v € N.

Theorem (van der Put)

Let N**| ... |N“* be the Frobenius invariants of yy. If N(t, 0) is reducible
there exists Ly, - - - , Ly € Fg(t)(0) such that:

o X(¢y) = N
@ L; is indecomposable.
o L=LCLMX | L;andord L = " ord L;

v

Let N*'| ... [N be the Frobenius invariants of Y. If Ly, . .., Ly verify the
first two points and no overlap: ord LCLM%_, L, = Zﬁ;l ord L; then

Dy ~ Do, 1




Isomorphism class representative

Parametrizing irreducible divisors

@ Let yy be a root of N(x”, Y) in a separable closure of Fy(1).
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Isomorphism class representative

Parametrizing irreducible divisors

@ Let yy be a root of N(x”, Y) in a separable closure of Fy(1).
o Cy = Fq(#*)[yn], Kn = Fq(t)[yn].

.

Theorem (van der Put)

If N(#, OP) is reducible, the irreducible divisors of N(t*, OP) are parametrized
by the solutions of

FmD Lp—
in Ky. If N(t, OP) is irreducible then this equation has no solution in Ky.

\
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Lemma (Pages 2026)

Letv; < ... < v € Nwithk < p. Let f€ Ky verifyf(”_l) + fP = yn.
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Isomorphism class representative

Parametrizing irreducible divisors

@ Let yy be a root of N(x”, Y) in a separable closure of Fy(1).
o Cy=TFq¢(#)[yal, Kn =Fq(t)[ynl-

Lemma (Pages 2026)

Letv; < ... < v € Nwithk < p. Let f€ Ky verifyf(”_l) + fP = yn.
Set L;: the smallest multiple of (x0 — xf+ )" inF4(t)(0).

o x(1h5) = N
@ L; is indecomposable

@ no overlap: ord LCLM{-‘:1 L= Zf.;l ord L;

A

.
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Isomorphism class representative

Theorem (van der Put)

Let L be a non trivial divisor of N(#, OP) and
GCRD(L, 0P — yN) = O™ + lpy_10™ 1 + -+ + ly € Ky(D). Then

[,1(7,:_11) + 1 = —myy.
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resentative

Theorem (van der Put)

Let L be a non trivial divisor of N(#, OP) and
GCRD(L, 0P — yN) = O™ + lpy_10™ 1 + -+ + ly € Ky(D). Then

[,1(7,:_11) + 1 = —myy.

Theorem (Pagés 2024)

Let S be a set a places of Ky generating Pic(Ky)/pPic(Ky).
If N(t°, OP) is reducible then a solution of fP~1) + fP = yy lives in the
Riemann-Roch space

L(max ( Z B+ Diff(Ky) — 2(H) oo, p~ ' - (YN)OO))
Pes
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[Bostan, Caruso, Schost 2016].
@ For all factor N of Q;:
o check if N(0”) is irreducible [Pages 2024].
o Compute f€ Ky st fP~Y 4 fP = yy [Pages 2024].
o For each i € [1, m] add the minimal multiple of (xd — xf+ i)**%) in
F,(t)(9) to the LCLM-decomposition.

@ Compute the LCLM of all factors
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If L, L* € Fy(t)(0), computing Morp, (5 (5) (D1, D1) is a matter of solving
L*M =0 mod L with ord(M) < ord L.

This is a pord(L) x pord(L)-linear system over [Fo(t").

Ifp:Dy« = DyandLi,..., L isa LCLM-decomposition of L. then
(GCRD((L}), L))i is a LCLM-decomposition of L.
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Thank you for your attention.
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