
Context
Classification of differential modules

Isomorphism class representative
Algorithm

LCLM Decomposition of Differential Operators
in Positive Characteristic

ISSAC 2026

Raphaël Pagès1

1Johannes Kepler Unversität
(Linz, Austria)

July 14, 2026

1 / 14



Context
Classification of differential modules

Isomorphism class representative
Algorithm

Algebra of differential operators

Object of study

Differential operators in k(t)〈∂〉 = {an(t)∂n + · · ·+ a1(t)∂ + a0(t)}.

Commutation rule:

∂f = f∂ + f ′

Derivation:

f ′ =
d
dt f

Factorisation questions:

Is L ∈ k(t)〈∂〉 irreducible or can I find L1, L2 such that L = L1L2.

Can I find L1 and L2 “with no overlap” st L is the smallest left
multiple of L1 and L2.
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Algorithm

Solution spaces and LCLM decompositions

L ∈ k(t)〈∂〉. We denote S(L) the vector space of its solutions.

Fact

If L = L1L2 then S(L2) ⊂ S(L).

Fact

If L = LCLM(L1, L2) then the following are equivalents:

GCRD(L1, L2) = 1.

ord(L) = ord(L1) + ord(L2).
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In characteristic 0: Singer’s Eigenring method

DL1 ⊕DL2
Id⊕0−−−→ DL1 ⊕DL2

Fact

L is decomposable iff Endk(t)⟨∂⟩(DL) contains non nilpotent zero divisors.

Choose/Compute π ∈ Endk(t)⟨∂⟩(DL).

Compute χ(π).

Use the kernel decomposition lemma.
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State of the art

T. Cluzeau, factorisation of differential systems in characteristic p,
ISSAC 2003.

M. Giesbrecht, Y. Zhang, Factoring and decomposing Ore
polynomials over Fp(t), ISSAC 2003.

PRoblem
In char: χ(π) ∈.
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Overview

I) Compute the isomorphism class of DL using van der Put’s
classification

II) Compute a representative L∗ with know LCLM-decomposition.

III) Compute an isomorphism DL∗ ' DL.
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Contribution

Theorem

There exists a Las Vegas type algorithm that given an operator L∈ Fpn [t]〈∂〉
of order r with coefficients of degree d satisfying some separability
hypothesis, returns a complete LCLM-decomposition of L in polynomial time
in r and d, and at most quasiquadratic time in p.

Remark

Experiments suggest quasilinear in p.
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p-curvature

Definition

Let L ∈ Fq(t)〈∂〉.

ψL
p : DL → DL

M 7→ ∂pM mod L

Facts

Grothendieck-Katz: dimSFq(t)
(L) = dim kerψL

p .

(van der Put) DL ' DL∗ iff ψL
p ' ψL∗

p .

Consequence: We can assume that L divides some N(tp, ∂p)ν for
N ∈ Fq[X,Y] irreducible and ν ∈ N.
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Isomorphism class representative
Algorithm

p-curvature
Consequence: We can assume that L divides some N(tp, ∂p)ν for
N ∈ Fq[X,Y] irreducible and ν ∈ N.

Theorem (van der Put)

Let Nν1 | . . . |Nνk be the Frobenius invariants of ψL
p .

If N(tp, ∂p) is reducible
there exists L1, · · · , Lk ∈ Fq(t)〈∂〉 such that:

χ(ψLi
p ) = Nνi

Li is indecomposable.

L = LCLMk
i=1Li and ord L =

∑k
i=1 ord Li

BUT

Not constructive: ψL
p = G


CNν1

CNν2

. . .
CNνk

G−1.

The blocks are not stable by derivation.
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Corollary

Let Nν1 | . . . |Nνk be the Frobenius invariants of ψL
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Context
Classification of differential modules

Isomorphism class representative
Algorithm

Parametrizing irreducible divisors

Notation

Let yN be a root of N(xp,Y) in a separable closure of Fq(t).

CN = Fq(tp)[yN], KN = Fq(t)[yN].

Theorem (van der Put)
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Theorem (van der Put)

Let L be a non trivial divisor of N(tp, ∂p) and
GCRD(L, ∂p − yN) = ∂m + lm−1∂

m−1 + · · ·+ l0 ∈ KN〈∂〉. Then

l (p−1)
m−1 + l pm−1 = −myN.

Theorem (Pagès 2024)

Let S be a set a places of KN generating Pic(KN)/pPic(KN).
If N(tp, ∂p) is reducible then a solution of f (p−1) + f p = yN lives in the
Riemann-Roch space

L
(
max

(∑
P∈S

P+ Diff(KN)− 2(t)∞, p−1 · (yN)∞
))

11 / 14



Context
Classification of differential modules

Isomorphism class representative
Algorithm

Theorem (van der Put)

Let L be a non trivial divisor of N(tp, ∂p) and
GCRD(L, ∂p − yN) = ∂m + lm−1∂

m−1 + · · ·+ l0 ∈ KN〈∂〉. Then

l (p−1)
m−1 + l pm−1 = −myN.

Theorem (Pagès 2024)

Let S be a set a places of KN generating Pic(KN)/pPic(KN).
If N(tp, ∂p) is reducible then a solution of f (p−1) + f p = yN lives in the
Riemann-Roch space

L
(
max

(∑
P∈S

P+ Diff(KN)− 2(t)∞, p−1 · (yN)∞
))

11 / 14



Context
Classification of differential modules

Isomorphism class representative
Algorithm

Building a representative

Input: L ∈ Fq(t)〈∂〉 such that χ(ψL
p) has no inseparable irreducible factor.

Output: A representative of the isomorphism class of L with a
LCLM-decomposition of it.

Compute the Frobenius invariant Q1| . . . |Qm of ψL
p .

[Bostan, Caruso, Schost 2016].
For all factor N of Qm:

check if N(∂p) is irreducible [Pagès 2024].
Compute f ∈ KN st f (p−1) + f p = yN [Pagès 2024].
For each i ∈ J1,mK add the minimal multiple of (x∂ − xf+ i)νN(Qi) in
Fq(t)⟨∂⟩ to the LCLM-decomposition.

Compute the LCLM of all factors
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Isomorphism

If L, L∗ ∈ Fq(t)〈∂〉, computing MorFq(t)⟨∂⟩(DL∗ ,DL) is a matter of solving
L∗M ≡ 0 mod L with ord(M) < ord L.

This is a p ord(L)× p ord(L)-linear system over Fq(tp).

Lemma

If φ : DL∗
∼−→ DL and L∗1, . . . , L

∗
k is a LCLM-decomposition of L∗ then(

GCRD(φ(L∗i ), L)
)
i is a LCLM-decomposition of L.
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Thank you for your attention.
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